Abstract: Organic cavity polaritons are bosonic quasi-particles that arise from the strong interaction between organic molecular excitons and photons within microcavities. The spectral dispersion of third harmonic generation near resonance with the cavity polariton states is studied experimentally via angle-resolved reflected third harmonic generation measurements with several pump wavelengths. In addition, a three-step nonlinear optical transfer matrix model is used to simulate the third harmonic generation using the sum-over-states dispersive nonlinear coefficients, which include hybrid exciton-photon polariton states. The angle-dependent experiment and modeling agree, revealing that the output of third harmonic generation is resonantly enhanced when the third harmonic wavelength is near the upper polariton state. The degree of enhancement is higher on the exciton-like branch of the polariton dispersion. Lower polariton enhanced third harmonic generation is not experimentally observed due to inadequate coupling at the longer wavelength, which is also consistent with the nonlinear transfer matrix modeling. These results indicate that the sum-over-states nonlinear dispersion is descriptive of the process implying that the polariton states are terms in a complete set of states forming the basis for the perturbative calculation of the nonlinear optical response. The results also indicate the possibility of wavelength agile nonlinear optical response by angle-of-incidence tuning.
Strong exciton-photon coupling within microcavities results in new eigenstates of microcavity polariton systems, which are characterized by anti-crossing of the momentum-energy dispersions of the cavity and exciton. 1 Due to the large oscillator strength and binding energy of organic materials, organic cavity polaritons exhibit large vacuum Rabi splitting energies (ℏΩR) even at room temperature. [2] [3] [4] When ℏΩR is comparable (20%) to the uncoupled exciton energy (Eex), the system is characterized by the ultrastrong coupling (USC) regime, where the rotating wave approximation (RWA) is no longer applicable, and the antiresonant terms can significantly modify cavity-polariton properties.
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The hybrid light-matter characteristic of both single and multiple cavity polaritons are of significant theoretical and practical importance, such as organic LEDs, 9,10 room-temperature polariton condensation and lasing, [11] [12] [13] polariton-mediated energy transfer, [14] [15] [16] conductivity enhancement, 17, 18 and superfluidity. 19 However, nonlinear optical processes, such as the optical Kerr effect and third harmonic generation, arising from cavity polaritons in organic materials are not well studied. Recently, the enhancement of resonant second-harmonic generation (SHG) of the lower polariton is reported from strongly coupled organic crystalline nanofiber microcavities, where the SHG wavelength is resonant with the lower polariton. 20 Also, the enhanced thirdharmonic generation (THG) is observed from cavity polaritons in the ultrastrong coupling regime when the pump wavelength is resonant with the lower polariton. 21 Here, we experimentally and theoretically demonstrate upper-polariton enhanced THG using angle-varying reflection configuration in the ultrastrong coupling regime, and observe the THG intensity is largest when the THG wavelength is resonant with the upper polariton, in contrast to the observation of Barachati et al.. 21 Our experiments also reveal that the enhanced THG is stronger when THG energy (wavelength) is resonant with the exciton-like upper cavity polariton branch.
Below we detail significant semi-quantitative agreement between these data and results from nonlinear transfer matrix modeling. That modeling incorporates dispersion in the underlying THG coefficients χ (3) and allows us to test the applicability of the sum-over-states dispersion model for the THG coefficients with the polariton states dominating the state sum. A simplified quantum
Hamiltonian approach is developed describing how the cavity coupling shifts the poles in the χ (3) from excitonic to polaritonic. This profound change in the χ (3) should generically enhance THG at both polariton resonances, and imprint the THG's angle dependence. We look for both effects and use the theory developed to understand the angle and wavelength dependence observed experimentally.
RESULTS AND DISCUSSION
The cavity structure, shown in the inset of Figure 1 , is fabricated using metal mirrors enclosing a neat organic dye glass, DCDHF-6-V, which is in the push-pull DCDHF class previously used in a variety of optoelectronic experiments. 22, 23 The complex refractive indices of the organic dye and its molecular structure are shown in Figure 1 . The complex refractive indices are obtained by detailed modeling of spectroscopic ellipsometry. 24, 25 To characterize the linear optical properties, the angularly resolved s-polarized reflectivity spectra of a 165 nm-thick organic microcavity are measured at room temperature (Figure 2a) . The dispersion of cavity polaritons is characterized by the anti-crossing, yielding a vacuum Rabi splitting of ℏΩR =1.12 eV (Figure S2a) , which is about 52% of the uncoupled exciton energy, thus indicating ultrastrong exciton-photon coupling in the microcavity. 8 The dispersion of the cavity polariton calculated using the linear transfer matrix formalism are shown by the black curves in Figure 2a , which are in excellent quantitative agreement with the measured results. (Figure 3c ), which fit well to a cubic-power function, indicating the key characteristic of THG. As shown in Figure 3a , the THG intensity has a peak at a particular incident angle for each pump wavelength, and the angular position of the peak THG intensity shifts when the pump wavelength varies. Furthermore, for a fixed pump intensity, the longer (lower) the pump wavelength (energy), the larger the peak THG intensity. Thus, the angle values of the peak THG intensity for different pump wavelengths are plotted with the cavity-polariton dispersions in Figure 3b , and two different areas of the microcavity sample are tested. Also, the variation of the THG intensity is indicated by the change of the symbols' color from violet to red as indicated in the caption of Figure 3b . Two important observations should be emphasized. First, the THG energy (wavelength) with the angle of the peak THG intensity for different pump wavelengths follows the dispersion of the upper polaritons, which is the strong evidence of resonant cavitypolariton enhancement effect for THG. Second, the THG intensity is larger when the pump energy (wavelength) is lower (longer), indicating that resonant enhancement is larger when the excitonlike branch of the upper polariton state is resonant with the THG energy (wavelength). This observation implies that the nonlinear characteristic of organic dye molecules in the cavitypolariton state plays a more significant role in the THG intensity for the hybrid light-matter system.
To investigate possible thickness-related artifacts, a 140 nm-thick organic microcavity is also studied using both angularly resolved reflectivity measurements in the linear optical regime and angle-resolved THG measurements. Figure 2b shows the anti-crossing dispersion of the cavity polaritons, which also yields a vacuum Rabi splitting of ℏΩR =1.12 eV ( Figure S2b ). Figure 3d shows the angle-resolved s-polarized THG measured results for the 140 nm-thick cavity, and the angle values of the peak THG intensity for different pump wavelengths are displayed in Figure   3e , which again follow the dispersion of the upper-polariton branch, suggesting the cavitypolariton enhanced THG. Moreover, considering the fixed pump intensity, the THG intensity is larger when the cavity-polariton state resonant with the THG wavelength is more exciton-like.
THEORETICAL MODELING

Background
The theoretical model we describe below is a novel extension for the cases of strong and ultrastrong coupling to the existing theoretical framework for THG in complex optical geometries. 26, 27 To motivate this extension, consider a simplified microphysical model consisting of linear string of N identical two-level molecules (parameterized by a single 'exciton' energy interval, ℏωe, and dipole matrix element, µ, for the isolated molecule), labelled by j=1,…, N, laid out periodically along the depth of a cavity (layer thickness L) having a Fabry-Perot resonance ℏωc in the absence of any coupling near ℏωe. We make no a-priori assignment of definite parity to the molecular states connected by the dipole matrix element µ as is consistent with the noncentrosymmetric nature of the DCDHF-6-V chromophore. The truncated Hamiltonian of the cavity-molecules coupled system is thus, , the only linear combination of molecular operators that have significant net non-zero overlap dipole matrix elements with the cavity mode of frequency ωc. The f is the square of the 'filling factor' which we have included in the exciton-exciton interaction term. Note that the label 'k' is not an integer, but rather a combination of the wave vector of the cavity mode and the interparticle spacing. The bk so defined inherits the canonical commutation relations of the excitonic operators bj. The factor of √ in front of the off-diagonal matrix elements of the Hamiltonian in Eq. (1) comes from the fact that all the molecules have an identical dipole matrix element, µ. Thus, a single linear combination of dipoles with nonzero overlap with that cavity mode contributes. This leading factor of √ causes the polariton splitting at degeneracy (ωc=ωe) to be proportional to √ , consistent with the observed chromophore density dependence. The ellipses in Eq. (1) indicate other unlisted terms that, although explicitly time-periodic in the RWA frame implied in Eq.(1), contribute significant lineshape shifts and asymmetries due to ultrastrong coupling.
We now perform an additional unitary transformation U into the polariton basis as described, 28 
which conveniently diagonalizes the Hamiltonian while retaining the canonical commutation relations. The polariton states are orthogonal mixed cavity-exciton states, and are the convenient basis from which to construct a perturbative theory of the system's linear and nonlinear optical response. The resulting energy eigenvalues are to the leading order (and for simplicity at large f):
Including the THG process from a subharmonic pump at frequency ω can be done by taking into account the off-resonant polarizability of the system. Quantum optical evaluation of the THG process indicates that the net THG coefficient (the coefficient relating the cube of the local pump field at frequency ω with the THG output field at 3ω) has poles where ω, 2ω and 3ω coincide with the excited states of the system, in this case, ω(UP,LP), the polariton energies, and not at the (original) exciton or cavity frequencies. The resulting THG coefficient is a version of the sum-over-states approach, 31, 32 (P) ( ) = 
where D111 (the mixed parity contribution) has poles at the energy interval given by the {ω, 2ω, 3ω}={ωLP, ωUP}, D11 (the fixed parity multiphoton contribution) has poles only at {ω, 3ω }={ωLP, and thus also depend on the width of the contributing states. In the expression above, the µij are products of dipole matrix elements of the associated states.
In the present application we use Eq. (4) as a phenomenological input to the nonlinear transfer matrix approach we describe below to simulate the expected THG signal. This is appropriate since relatively little is known in detail about the complex level structure and matrix elements of this dye molecule.
Transfer Matrix Methodology
The method of nonlinear transfer matrices is used to calculate the reflected THG from the cavity-polariton system. This method conveniently analyzes the nonlinear response of optical harmonic generation from a multilayer structure consisting of any number of parallel slabs of arbitrary thickness. 26, 27 Throughout the analysis below we work in the undepleted pump limit.
First, due to the fact that the equations governing the propagation of the fields are linear and that the tangential component of the electric field is continuous, multilayer structures with isotropic and homogeneous media and parallel-plane interfaces can be described by 2 x 2 matrices, 33, 34 associated with a single polarization (conventionally s or p, however in what follows here we describe the method for s-polarization only), thus, the optical electrical field can be resolved into two components corresponding to the resultant total electric field; one component propagating in the positive direction, E (+) and one in the negative direction, E (-) , respectively. This is true of both the pump field and the THG field.
Once the spatial distribution of the pump field is known the relevant polarization for THG is computed by cubing the pump field and multiplying it by the third-order susceptibility tensor, χ
, as, 
where ϵ I =ϵ(ω) and ϵ II =ϵ(ω)(1+8sinθ)/9. Here, the cubic polarization has been conveniently decomposed into components with polarization directions normal (P⏊) and parallel (P||) to the wave vector of the inhomogeneous wave, and the s-polarized component, Py.
The amorphous DCDHF-6-V layer can be treated as consistent with the isotropic point group with 21 nonzero elements for the χ (3) tensor, of which only 3 are independent. 35 They are: ooaa = aaoo = aass = ssaa = ssoo = ooss , oaoa = aoao = asas = sasa = soso = osos , oaao = aooa = assa = saas = soos = osso , ssss = oooo = aaaa = ssoo + soso + soos
For s-polarized fundamental wavelength, the type I and type II cubic polarization are determined after some algebra, which gives
where only the s-polarized component is induced. Ey is the s-polarized fundamental electrical field, and χ=χxxxx is the only tensor element needed for this case with s-polarized pump.
The third-harmonic polarization, Eq. (6), enters as an inhomogeneous 'source' term in the Maxwell's equations for the THG field component. The transfer matrix derived in ref [26, 27] solves this Maxwell equations with the appropriate boundary conditions for the THG field component (i.e. at 3ω), from which we find the third-harmonic field emitted into the air adjacent to the top Ag layer, which is the reflected THG, as well as the field into the air adjacent to sample substrate, which is the transmitted THG (which we do not measure in this experiment). Note that the THG components from type I and type II nonlinear polarization terms actually represent light components that emerge at different angles from the sample. The angular acceptance of the detector used in the experiments we report on below was narrow enough to only receive appreciable THG signal from the type I terms and so we have focused only on that component only in our modeling.
Simulation Results
Considering the measured linewidth of cavity polariton states, nonlinear transfer-matrix simulation yields the calculation results for the 165nm and 140nm cavity, which are shown in Figure 4a and 4c, respectively. Comparing Figure 3a and Figure 4a , the calculated angle-resolved THG agrees well with the experimental data for each pump wavelength, especially the angle locations of peak THG intensity for different pump wavelengths as shown in Figure 4b and 4d for the 165nm and 140nm cavity, respectively. It is also noted that the calculated enhanced THG is larger for longer pump wavelength, which again agrees with experimental observation that THG intensity is larger when the THG wavelength is closer to the uncoupled exciton wavelength, that is, on the exciton-like branch of the polariton dispersion.
Discussion on LP Enhanced THG
The lower polariton enhanced THG was not observed experimentally. Even though the reflection spectrum suggests that THG should be resonantly enhanced when 3 coincides with the lower polariton state, one must consider the magnitude of the pump electric field at frequency in the cavity subject to the degree of non-resonant confinement at that frequency. In Figure 5a , our modeling indicates that the intercavity pump field amplitude at these longer pump wavelengths is typically 3-4 times smaller than at the shorter pump wavelengths associated with the upper polariton enhanced THG, leading to a naively 30 to 60-fold reduction in the THG output on the LP.
Supporting this, introducing the cavity-polariton-dependent χ (3) , we perform nonlinear transfermatrix simulations with a broad range of pump wavelengths for a particular angle, using both polariton state locations and linewidths as measured by experiment. The resulting simulated THG output is shown in Figure 5b . The significant THG peak occurs for a pump wavelength of 1392 nm, where the THG wavelength (464 nm) is exactly resonant with the upper polariton at 0 o . A second THG peak is also resolved, which is induced by the lower polariton, but it roughly 60 times smaller than that enhanced by the upper polariton.
CONCLUSIONS
We performed experimental studies and theoretical modeling of angle-resolved THG in ultrastrongly coupled organic cavity polaritonic matter. We find agreement with the angledependence of the THG experimental data and our nonlinear transfer matrix model when using a sum-over-states dispersion for χ (3) dominated by the cavity polariton resonances. In the zero linewidth limit the cavity polariton states form a complete set of basis states for perturbation theory used in computing higher harmonic response. We also confirm by calculation and non-detection that the THG enhancement on the lower polariton state is too small to measure, primarily due to the poor cavity-pump coupling at these longer wavelengths. Our work showing very large Rabi splittings in low-Q metal-based organic microcavities at room temperature could lead to promising optoelectronic applications, and the large nonlinear optical response of cavity polaritons could provide potential for fundamental and applied nonlinear optics. Further, wavelength agile devices are possible by angle tuning the polariton states.
METHODS AND EXPERIMENTAL
Organic Microcavity Fabrication:
A 100 nm-thick Ag layer was thermally evaporated onto a 1 mm-thick glass substrate in vacuum at 10 −7 Torr. Solutions of DCDHF-6-V in toluene were spin cast on top of the metal film, with the thickness of the organic film varied by adjusting the spin speed. Microcavity fabrication was completed by evaporating a second 30 nm-thick Ag layer on top of the organic film, which provided microcavities with low Q-factor around 20.
Profilometry, Spectroscopic Ellipsometry and Linearly Optical Angle-Resolved Reflectivity
Measurements: DCDHF-6-V layer thickness was measured using a stylus profilometer (KLA- 
